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A Result on C3 -geometries 
GUGLIELMO LUNARDON AND ANTONIO PASINI 
We prove that the d'rgeometry is the only flat flag-transitive finite and thick C)-geometry. 
1. INTRODUCTION AND STATEMENT OF THE THEOREM 
The reader is referred to (18] for all definitions concerning geometries of type M (they are 
called GAB in [6]). A geometry of type M is of type C3 (for short, is a C)-geometry) if its 
diagram has the following shape: 
• •• Points Lines Planes 
Let x, y be positive integers. A finite C}-geometry r admits parameters x, y if every line 
of r is incident with x + I points and y + I planes. It is easily seen that if r admits 
parameters x, y then every point-plane flag of r is incident with exactly x + I lines. 
Therefore the following picture is usually used to mean that r admits parameters x, y: 
• • • 
x y 
Trivially, a C)-geometry admits parameters if it has thick lines. 
We recall that a C)-geometry r is flat if all of its points are incident with all planes 
ofT. 
If r is neither a building nor flat, then we say that r is anomalous. This last definition 
is /motived by the fact that no such anomalous example is presently known (apart from 
non-thick ones). In theorem I of [10], the reader can find same strange properties of finite 
anomalous C)-geometries with parameter x, y and flag-transitive automorphism group. 
Anyway, just one example is presently known of a non-building finite C)-geometry with 
thick lines, namely the so called d 7-geometry (see [I] or [13]). 
In this paper we prove the following: 
THEOREM. Let r be a finite Crgeometry with thick lines, parameters x, y and flag-tran-
sitive automorphism group. If r is flat then x = y = 2 and r is the drgeometry. 
As an easy corollary of our theorem, we have the following improvement of Aschbacher's 
theorem ([I]) on C)-geometries: 
COROLLARY. Let r be a C3-geometry with flag-transitive automorphism group. If r 
admits parameters of known type, then r is either a building or the d 7 -geometry. 
PROOF OF THE COROLLARY. By the theorem, it is enough to prove that r is either a 
building or flat. But a flag-transitive anomalous C)-geometry cannot admit parameters of 
known type by theorem I of [10]. 
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REMARK. It is worth observing that flag-transitive non-classical generalized quad-
rangles (of type n(q), q even) actually exist ([6], p. 99 and [19]). So the previous corollary 
actually says something more than the theorem stated in [1] on C3-geometries. 
2. SOME PRELIMINARY LEMMAS 
Let rbe a flat C3 -geometry with flag-transitive automorphism group. Let So, SI' S2 be 
the set of points, of lines and of planes of r, respectively. 
We write A instead of Aut(r), for short. Furthermore, K denotes the kernel of the action 
of A on the set of points of r and A = A/K is the faithful group of that action. Given a 
plane u of r, Au is the stabilizer of u in A, Ku the kernel of the action of Au on the projective 
plane r: (residue of rin u) and Au = Au/Ku is the faithful group of that action. We have 
Ku = Au n K by the flatness of r Moreover, Au is isomorphic to AuK/K. Then Au is 
canonically isomorphic with a subgroup of A. So we shall consider Au as a subgroup of A. 
LEMMA I. We have x ~ y ~ r - x. 
PROOF. As r is flat, we have x ~ y (see [10]). Moreover, y =I r; otherwise r is a 
building ([10]). By 1.2.5 of [I 2], we have y ~ x2 - X. 
LEMMA 2. Ifx > 2 then PSL(3 , x) ~ Au ~ A ~prL(3, x) for each plane u of r 
PROOF. By theorem A of [7], one of the following holds: (a) r + x + I = n is prime 
and Au is a Frobenius group of order (x + I)(r + x + I); (b) r: is desarguesian and 
PSL(3, x) ~ Au . 
In case (a), by a theorem of Burnside ([II], 7.3) either A is 2-transitive or a Frobenius 
group, the order IAI of which divides (x2 + x)(x2 + X + I). 
In case (b), PSL(3 , x) ~ Au ~ A implies that A is 2-transitive. 
Using the fact that r has exactly x2 + x + I points and, when A is 2-transitive, 
exploiting the classification of 2-transitive groups (see, for example, [4]), we see that one of 
the following conditions holds on A: 
(I) A is a group of affine type over So (in the meaning of [2]). That is, the socle L of A is 
elementary abelian and regular over So . This case includes the case when A is a Frobenius 
group. 
(II) A is either the symmetric group Sn or the alternating group An , with n = I + x + 
r = ISol. 
(III) We have ISol = (q"' - I)/(q - I) for some prime power q and some integer m > 
and PSL(m, q) ~ A ~ prL(m, q) . 
Now we examine these three cases in detail. 
(I) By[8, p. 21], I + x + r = p' withpprimeimplieseitherp = 7ande = 30re = I. 
The case I + x + r = 73 (i.e. x = 18) is eliminated by [3 , p. 470], and [I 5]. Thus, 
I + x + r = p and Aa ~ GL (I , p). 
If PSL(3, x) is a subgroup of Au (case (b) above), we have 
X
3(X3 - I)(r - I) f .~ (l + x + r)x(x + I), 
where f = g.c.d. (x - I, 3). As f is either I or 3, the inequality is impossible. 
Thus, Au must be a Froebenius group of order (x + 1)(1 + x + r)(i.e. we are in case 
(a». In this case A has order d(x + I)(r + x + I), where d divides x. Indeed IAa l divides 
p - I = x(x + I) because Aa ~ GL (I, p) (see above). On the other hand, IAul = 
(x + I)p divides IAalP = IAI. Then x + I divides IAal. Whence IAal = d(x + I) for a 
suitable divisor d of x. Moreover we have (xy + I)(y + I) = kd, where k = [K: K.], 
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because Au has order (x + I)(r + x + I). Then d divides y + 1. Indeed, it is relatively 
prime with xy + I, because it divides x. If r is a line incident with u and Kr = Ar n K is 
the stabilizer of r in K, then Ku ~ Kr and [Kr : KJ does not depend on the choice of the 
incident pair (r, u) because K is normal in A and A is flag-transitive. Then [Kr: Kul divides 
y + 1. So xy + I divides [K:Kr]. Indeed, (I + xy)(1 + y) = dk = d[K:Kul = 
d[K: KrHKr : Kul. Then I + xy divides d[K: Kr] because [Kr: KJ divides I + y. But dis 
relatively prime with I + xy because it divides x. Then I + xy divides [K: Kr]. Lines in the 
same orbit of K have the same O-shadow and they are pairwise non-coplanar. Then they are 
xy + I at most. Then [K:Kr] = xy + 1. So, two lines of r have exactly the same 
O-shadow if they have more than one point in common. Indeed, given two distinct points, 
there are exactly xy + I lines incident with both of them (see [9]). 
Therefore the O-shadow space of r is a projective plane isomorphic with r" and A acts 
flag-transitively on it. Applying theorem A of [7] and comparing with the structure of Au 
and with what we know about A we obtain A = Au (that is, d = I). So K is transitive on 
S2 and A = KAu. 
Given an incident line-plane pair (r, u), let Kr and Ku be the stabilizer of rand u 
respectively in K, as above. We have (xy + I)(y + 1) = [K: Kul = [K: KrHKr: Kul. From 
this the equalities [K: Kr] = xy + I and [Kr: Kul = y + I easily follow. 
Then Kr is transitive on the set of y + I planes through r. Let s be a line on u different 
from r. Given elements g, g' of K" we have g(s) = g'(s) iff g(u) = g'(u), because there is 
at most one plane incident with two given different lines and Ku ~ Kr. Then the orbit of 
s under the action of Kr has size y + I. Then y + I divides xy + I because there are 
exactly xy + I lines with the same O-shadow as sand K permutes them. 
From this we obtain the result that y + I divides x - I and this contradicts the 
inequalities 2 < x ~ y. Therefore case (I) cannot occur. 
(II) By Lemma I, we have y ~ r - x. As r has exactly (xy + I) (y + I) planes, we 
~~ . 
IAIIKI = IAI = (xy + I)(y + 1)IKuIIAul. 
This. implies that 
IAI 
IKul/lKI ~ I, (xy + I)(y + 1)IAul 
because Ku is a subgroup of K. 
As the alternating group of degree I + x + r is a subgroup of A, and the group Au is 
a subgroup of prL(3, x) and (xy + I)(y + I) < (x3 + 1)(x2 + I), if Au is a Frobenius 
group of order (x + I)(l + x + x 2 ) we have 
(l + x + x2 )! 
2 3 ? ~ 2. (x + I)(l + x + x)(x + I)(x· + I) 
As this is impossible, we have x = pe with p prime and PSL(3, x) ~ Au. Then 
(l + x + x2 )! 
2ex3(r - 1)(x3 _ l)(x3 + l)(x2 + I) ~ 2. 
As x = pe > 2, we have x > e and x(x + I) > 2e. The numbers I + x + x 2 , 
x(x + I), x 2 + I, x 2 , x 2 - I, I - x + x 2 , X + I, x, x - I are mutually distinct because 
x > 2. Thus 
(l + x + x2 )! 
2ex3(r - l)(x3 _ l)(x3 + l)(x2 + I) > 2. 
We have a contradiction; thus case (II) is impossible. 
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(III) We have PSL(m, q) :::; A :::;PTL(m, q) and A is 2-transitive on So, the set of points 
of r. We can identify So with the set of points of the projective space PG(m - 1, q) ofrank 
m on GF(q). We notice that m > 2. 
We shall prove that Au cannot be a Frobenius group. Assume the contrary. Then 
1 + x + x2 = n is a prime number. As above, [A: Aul divides (xy + 1) (y + 1), because 
A is transitive on S2 and [A: A.] = [A: A.][K: K.]. But qd divides [A: A.] now, where 
d = m(m - 1)/2. Let P be the prime number dividing q. If P divides (xy + 1) then it divides 
y - 1 because 1 + x + x2 = n = (q'" - 1)/(q - 1). Then qd divides l - 1. If q is odd, 
then l divides either y - lor y + 1. Then qd :::; y + 1 :::; x2 - X + 1 by Lemma 1. But 
this contradicts the equality 1 + x + x 2 = (q'" - 1)/(q - 1) because m > 2. Then q is 
even, that is q = 2h for some integer h. Now we have that 2hd- 1 divides either y - 1 or 
y + 1. By an argument similar to that used above we obtain h = 1 and d = 3. Then x = 2 
and this contradicts our hypothesis. 
It remains to examine the case of PSL(3, x) :::; Au. Thus we have that PSL(3, x) is a 
subgroup of PTL(m, q) 2-transitive on the (q'" - 1)/(q - 1) points of the projective 
geometry PG(m - 1, q), and its 2-transitive action on PG(m - 1, q) is that induced by the 
natural 2-transitive action of PTL(m, q) on PG(m - 1, q). By the classification of the 
2-transitive actions of2-transitive groups, we have PSL(m, q) :::; PSL(3, x). As PSL(m, q) 
is a normal subgroup of PTL(m, q) and PSL(3, x) is simple we have PSL(m, q) = 
PSL(3, x). Thus, m = 3 and x = q because x # 2 (see [5], Satz 6.14). 
If I is a line of T, we denote the set of points incident with I by 0"0(1). 
LEMMA 3. Let x > 2. If two lines I and m are incident with two common points, then 
0"0(1) = 0"0 (m). 
PROOF. We have PSL(3, x) :::; Au :::; A for each plane U of Tby Lemma 2. Let (p, I) 
be a given point-line flag in a plane U of r. Let B, PI, P2 be the stabilizer of {p; I}, p and 
I respectively. Let L be the orbit of p under the action of P2 • Then II = (So, {g(L): 
g E PSL(3, x)}) is a projective plane of order x. As L is contained in 0"0(1), we have 
L = 0"0(1). But the subgroups B, PI, P2 do not depend on the choice of u, because PSL 
(3, x) is a given subgroup of A independent of u, B is a Borel subgroup of PSL(3, x) and 
PI, P2 are two maximal parabolic subgroups containing B. So we have our lemma. 
LEMMA 4. Let x > 2. Let (r, u) be a non-incident line-plane pair of r. Then the following 
hold: 
(a) There are exactly x + 1 planes uo, ul , ••• , Ux collinear with u and incident with r. 
(b) Let Ii be the line incident with u and Ui (i = 0, 1, ... , x). Then all the lines 10 , II, ... , 
1< are incident with a common point. 
PROOF. Let O"o(r) = {Po, PI' ... , Px}· 
(a) For each point Pi of 0"0 (r), there is a unique plane Ui of I;, incident with r and collinear 
with u. Let Ii be the line incident with u and Ui (i = 0, 1, ... , x). Thus, Pi is incident with 
Ii· 
By way of contradiction, let us suppose that U i = uj with i, j = 0, 1, ... or x and i # j. 
Then l, = Ij . Thus, Pi and Pj are incident with Ii. This implies Ii = r, because l, and rare 
incident with Ui. As Ii is incident with u, we have that rand U are incident and this contradicts 
our hypothesis. 
Therefore the planes Uo, UI, ... , Ux are pairwise distinct. If v is a further plane of T 
incident with r and collinear with u, let m be the line incident with U and v, and Ph the point 
of O"o(r) incident with m. As v is a plane of I;h' the planes u, v, Uh and the lines r, m, Ih form 
a triangle in the generalized quadrangle I;h. So we have a contradiction. This proves (a). 
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(b) By way of contradiction, let 10 , II, 12 form a proper triangle {ao, ai' a2}}, where ai is 
the intersection point of (-I and li+1 (i = 0, 1,2; indices are computed modulo 3). Let N 
be the subgroup of A stabilizing r and all points of r. Then NIK is a subgroup of 
PSL(3, x) in the natural action on the projective plane II defined by the O-shadow space 
of r (see the proof of Lemma 3). 
Let g E N 1\ Au. Then g fixes uo, UI' •.. , U, and 10 , II, ... , I, because it fixes r, u, Po, 
PI' ... Px' In particular, g fixes ao, a l and a2. Then g E K. So, if gl' g2 are elements of N 
inducing distinct mappings on II, then gl (u) =I- g2(U), 
Let N; be the subgroup of N fixing Ii' Then N; fixes Ui too; indeed Ui is the only plane 
incident with both rand (. The action of Ni on the projective plane Ui contains the stabilizer 
~ in PSL(3, x) of (and of all the points of r. The group ~ has order x2 - x. Of course, 
N 1\ Au is contained in Ni for every i = 0, 1, ... , x and [N;: N 1\ Aul ~ x2 - x. 
On the other hand, N; permutes the y planes incident with Ii and different from Ui, and 
U is one of them. Then y ~ [N;: N 1\ Aul. But y ~ x2 - x by Lemma 1. Thus y = 
[N; : N 1\ Aul = x2 - x. That is, y = x2 - x and N; is transitive on the y planes incident 
with Ii and different from Ui. 
Moreover, we have already seen that N 1\ Au ~ K and that N;I(N; 1\ K) contains a 
subgroup ~ of order x2 - x. Then N 1\ Au = N; 1\ K and N;I(N; 1\ K) = ~,and ~ acts 
sharply transitively on the set of planes incident with Ii and different from Ui. 
Let now g E Ni 1\ ~, where i =I- j. Then g fixes U because U is the only plane incident with 
both (and Ij • Thus g E N 1\ Au. So, we have N; 1\ ~ = N 1\ Au. 
Let N;j be the subgroup of N generated by N; and ~. Of course, N; 1\ K = ~ 1\ K = 
N 1\ Au is a normal subgroup of N;j. It follows from the above that, if two elements a, b 
of ~ belong to the same coset of N;, then b -I a E N 1\ Au. Hence N;) N 1\ Au has order at least 
(~ - X)2. On the other hand, the action N;jl N;j 1\ K of N;j on the projective plane II coincides 
with the pointwise stabilizer U of O"o(r) in PSL(3, x) ~ A, and U has order x2(x - 1). 
As x2(x - 1) < (x2 - X)2, there are elements a EN; - N 1\ Au and b E ~ - N 1\ Au 
suCll that a-I b E K and a-I b does not belong to N; 1\ ~ = N 1\ Au. But, if a-I b belongs 
to K, then a and b, viewed as elements of ~ and ~ respectively, define the same coIlineation 
on II As a fixes O"o(lJ and b fixes 0"0(1), a and b fix the intersection point of Ii and Ii' 
Therefore [N;j 1\ K: N 1\ Aul ~ x-I. As [N;j: N 1\ K] = x2(x - 1) and [N;j: N 1\ 
Aul ~ (x2 - X)2, we have [N;j: N 1\ Aul = (x2 - X)2 and [N;j 1\ K: N 1\ Aul = x - I. 
We have already proved that N; 1\ K = Ni 1\ Au. Then [N;j : N; 1\ K] = (x2 - X)2. As 
we have just proved that [N; : N 1\ Aul = ~ - x, we have [N; : N; 1\ K] = x2 - x. Thus 
[N;j : N;] = ~ - x. Then the orbit of Ui under the action of N;j has size x2 - x. This implies 
that the N;j fixes exactly one plane v incident with r (indeed there are exactly y + 1 = 
x2 - X + 1 such planes). 
Then N;j is contained in the group M fixing r, v and all the points of r. 
Let g be an element of A fixing r and mapping Ui onto v. We have M = gN;g-l: thus N; 
and M have the same order. As N; ~ N;j' by the inclusion N;j ~ M, we obtain N; = N;j. 
But we have just proved that [N;j : NJ = x2 - x. We have a contradiction; therefore (b) 
holds. 
LEMMA 5. let x > 2. If P and q are two distinct points of 1, the set (i)P.q of all the lines of 
r incident with P and q is an ovoid of the generalized quadrangle I;. 
If p, q are points of a line I and r is a further point that is non-incident with I, then (i)P.q and 
(i)p,r have no common elements. 
PROOF. Trivially, the xy + 1 lines of (i)p,q are mutuaIly non-coplanar. Then (i)p,q is a set 
of xy + 1 lines which are mutually non-coplanar, i.e. (i)P.q is an ovoid of I;. 
The remaining part of the lemma easily follows from Lemma 3. 
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3. PROOF OF THE THEOREM 
If x = 2 then x = y = 2 by Lemma 1, and Tis the d 7 -geometry by Lemma 5.14 of[14]. 
By way of contradiction, let us suppose x > 2. 
We recall that a connected firm rank 2 geometry II of points and lines is a partial linear 
space if any two of its points are incident with at most one line. Subspaces of II are defined 
in the usual way. A subspace of II is singular if it consists of mutually collinear points. 
The symbol Q+ (5, q) will denote the partial linear space of points and lines associated 
to the polar space defined by the hyperbolic quadric of PG(5, q). 
A maximal exterior set X with respect to Q+ (5, q) is a set of q2 + q + 1 points of 
PG(5, q), suth that any two points of X are joined by a line exterior to Q+ (5, q). Given a 
maximal exterior set X of Q+ (5, q), a flat C3 -geometry T(X) with uniform parameter q can 
be constructed starting from X (see [13, section 2]). 
Coming back to our geometry r, we can define a partial linear space ll(T) = ([311; 2') as 
follows. [311 is the set of lines of r, and 2' is the set of point-plane flags of r. A line and a 
point-plane flag of T are said to be incident as elements of ll(T) precisely when they are 
incident in r. 
Let u be a plane of r. The lines of Tincident with u together with the point-plane flags 
of T containing u form a projective plane (Xu in ll(T). 
We denote by (I) the point of ll(T) defined by the line 1 of r, and let (l{p,uj) be the line 
of ll(T) defined by the point-plane flag {p, u} of r. We shall prove that ll(T) is the system 
of points and lines of a rank 3 polar space. 
(I) There is not any point of ll(T) that is collinear with all points of ll(T). 
Indeed, If 1 is a line of T, there is a plane u of T such that 1 is not incident with u. By 
Lemma 4, 1 is coplanar with exactly x + 1 lines of u. Thus (1) is collinear with exactly 
x + I points of (Xu' 
(2) Let (I) be a point and (l{p,~j) a line of ll(T). If (I) is not incident with (l{p;uj), the 
point (I) is collinear with either one or all points of (l{p,uj)' 
Indeed, if 1 is incident with the plane u, then (I) is collinear in ll(T) with all points of 
(l{p,uj), because (I) is a point and (l{p,uj) is a line of (Xu' 
On the other hand, if 1 is not incident with u, by Lemma 4 there is a point q of T such 
that l{q,uj is the set of all lines of u coplanar with I. 
If p = q, the point (I) of ll(T) is collinear with all the points of the line (l{p,uj)' If p =f. q 
and m is the line of u incident with p and q, then (m) is the only point of (l{p,uj) collinear 
with (I). 
(3) For each plane it of r, (Xu is a maximal singular subspace of ll(T). 
Indeed, let (I) be a point of ll(T) outside (Xu' Then (I) is collinear with exactly x + 
points of (Xu by Lemma 4, and this enough to prove (3), 
As each line of ll(T) is incident with x + 1 points, by (1), (2) and (3) we have proved 
that ll(T) is a rank 3 polar space of order x, Then ll(T) is the polar space associated to 
a polarity of PG(n, x) with n ~ 7 (see [17]), 
If p is a point of T, then r;, defines a generalized quadrangle contained in ll(T). Thus r;, 
is a generalized quadrangle such that its points and its lines are respectively points and lines 
of a projective space, By a theorem Buekenhout and Lefevre (see [12], Chap, 4) r;, is a 
classical generalized quadrangle, 
As ll(T) is a polar space of rank 3, ll(T) has the following diagram: 
• • • 
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where Z E {I, XI/2, X, ~, X 3/2 }. Thus the number of points of lI(T) is 
(x2z + 1)(~ + x + 1). As the points of lI(F) are the lines of T, we have 
(x2z + l)(x2 + X + 1) = (xy + l)(x2 + X + 1), i.e. y = xz. By y ~ x 2 - x, we have 
either z = 1 or x = Z2. 
If x = Z2, then y = Z3 and r;, is isomorphic to the generalized quadrangle 
H(4, Z2) arising from a non-singular hermitian variety of PG(4, Z2). By Lemma 5, some 
ovoids should exist in H( 4, Z2). But this is impossible ([16], p. 137). Thus, only the possibility 
Z = 1 survives. 
Ifz = 1 theny = x and lI(F) is isomorphic to the polar space Q+ (5, x). By (3.3) of[13], 
there is a maximal exterior set X with respect to Q+ (5, x) such that Tis isomorphic to T(X). 
Then r;, is isomorphic to the generalized quadrangle Q(4, x) arising from a non-singular 
quadric of PG(4, x). By the definition of reX), the ovoid (!)P.q of r;, is an elliptic quadric 
intersection of Q(4, x) with a hyperplane of PG(4, x). By Lemma 5, there are at least two 
(actually, x + 1) pairwise disjoint elliptic quadrics in Q(4, x). This is impossible. 
The final contradiction is reached, and the theorem is proved. 
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